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Abstract
Recently in paper [Peng et al., Phys. Rev. Lett. 114, 010601
(2015)] the experimental observation of the Lee-Yang zeros of an Ising-
type spin-1/2 bath, by measuring the coherence of a probe spin, was
reported. We generalize this problem to the case of an arbitrary high-
spin bath. Namely, we consider the evolution of a probe arbitrary
spin which interacts with bath composed by N arbitrary spins. As a
result, the connection between the observed values of the probe spin,
such as magnetization and susceptibility, and the Lee-Yang zeros is
found. We apply these results to some models, namely, a triangle
spin cluster, the Ising model with a long-range interaction and the 1D
Ising model with nearest-neighbor interaction. Also we propose the
implementation of these models on real physical systems.
1 Introduction
Lee, Yang and Fisher in their works [1, 2, 3] discovered a new way of studying
the thermodynamics properties of different systems [4] which is based on
an analysis of the partition function zeros. Zeros of the partition function
define the analytic properties of free energy and thus are used as a tool
for studying the nature of phase transitions. Lee and Yang considered the
general ferromagnetic Ising model with Hamiltonian
Hb = −
∑
i,j
Jijs
z
i s
z
j − h
∑
i
szi , (1)
where szi is the z component of the spin-1/2 operator, Jij ≥ 0 are the in-
teraction couplings and h is the value of the magnetic field. Note that in-
stead of the Ising model the isotropic Heisenberg model with interaction(
−
∑
i,j Jijsisj
)
or some other interactions that commute with total spin of
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system can be used. The partition function of system (1) at temperature T
can be expressed as an Nth polynomial of z ≡ exp (−βh) as
Z (β, h) = Tr
[
e−βHb
]
= eβNsh
2Ns∑
n=0
pnz
n, (2)
where pn is the partition function with zero magnetic field under the con-
straint that the total spin of the system has a projection Ns − n, β = 1/T
is the inverse temperature and s is the value of each spin in the bath which
equals 1/2. Here, the Boltzmann constant is put unity. For specific z this
partition function becomes zero. These z are called Lee-Yang zeros [2] and
we denote them as zn with n = 1, 2, . . . , 2Ns. They are located in the com-
plex plane which corresponds to complex parameters of the Hamiltonian. So,
in [2] Lee and Yang proved the theorem that the zeros of partition function
of the ferromagnetic Ising model are lying on the unit circle in the complex
plane z. Therefore, we can write zn = e
iθn . Then, partition function (2) can
be expressed as follows
Z (β, h) = p0e
βNsh
2Ns∏
n=1
(z − zn) . (3)
In later works this theorem was generalized to the ferromagnetic Ising model
of an arbitrary high spin [5, 6, 7] and other types of interaction [8, 9, 10, 11]
including the ferromagnetic anisotropic Heisenberg model [12]. However, for
others many-body systems, the Lee-Yang zeros are not always distributed
along the unit circle. Also, it is worth noting that the Lee-Yang zeros can
be generalized as zeros of partition function with respect to other physical
parameters. For instance, Fisher considered zeros of partition function with
a complex temperature [3].
The zeros of partition function of different many-body systems such as
spin systems (see, for example, [13, 14, 15, 16, 17, 18, 19] and references
therein), Bose (see, for example, [20, 21, 22, 23, 24] and Fermi (see, for
example, [25, 26]) systems are studied in many papers. Difficulty in direct
experimental observation of these zeros relates to impossibility of preparing
a many-body system with complex parameters. However, in articles [14, 27]
this problem was solved. The authors for the first time made experimental
research on the detection of the density function of zeros on the Lee-Yang
circles. This study is based on the analysis of isothermal magnetization of the
Ising ferromagnet FeCl2 in an axial magnetic field. In papers [15, 16] it was
suggested to measure the Lee-Yang zeros in the time domain. The relation
of the Lee-Yang zeros of the Ising ferromagnet with the decoherence of the
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probe spin was obtained. So, direct experimental observation of Lee-Yang
zeros on trimethylphosphite molecule was reported in [13]. The methods of
the detection of dynamical Lee-Yang zeros was considered in [28]. In [23] the
possibility of experimental observation of Lee-Yang zeros of an interacting
Bose gas was proposed. The relation between zeros of two-time correlation
function of probe spin and zeros of partition function of spin bath was found
in [19]. This relation gives a new possibility for experimental detection of
Lee-Yang zeros.
In the present paper we find the relation between the Lee-Yang zeros of
the ferromagnetic high-spin bath and observed values, such as magnetiza-
tion, susceptibility and higher derivatives of magnetization, of probe spin.
In the third section we present our results for some models, namely, trian-
gle spin cluster, Ising model with long-range interaction and 1D Ising model
with nearest-neighbor interaction. Also we propose the experimental imple-
mentation of these consideration on real physical systems. Conclusions are
presented in the last section.
2 Connection between the Lee-Yang zeros and
observation values of probe spin
We consider the system of N spins s described by a general Ising model with
ferromagnetic interaction under a magnetic field h. The Hamiltonian of this
system has form (1), where the spin operators correspond to the spins s and
their projections on some direction take the values −s ≤ m ≤ s. Using the
Lee-Yang theorem for the case of an arbitrary high-spin bath [5, 6, 7] the
partition function of this system at temperature T can be expressed as an
2sNth polynomial of z ≡ exp (−βh) as (3).
Let us assume that spin bath defined by Hamiltonian Hb (1) being in
thermodynamic equilibrium. Then we use a probe spin-s0 coupled to the
bath. The general Hamiltonian of the system takes the form
H = Hb +Hp +Hi, (4)
where Hp = −h0s
z
0 is the Hamiltonian of the probe spin which interacts
with the magnetic field of the value h0, and Hi = λs
z
0
∑
i s
z
i describes the
interaction between the bath and the probe spins with the coupling constant
λ. It is worth noting that the results which we obtain for the Ising interaction
between spins of bath are valid for the case of isotropic Heisenberg interaction
between these spins.
3
The evolution of system (4) can be represent as follows
ρ(t) = e−iHtρ(0)eiHt = e−iHpte−iHitρ(0)eiHiteiHpt, (5)
where the initial state has the form ρ(0) = |Ψ(0)〉〈Ψ(0)|e−βHb/Z (β, h). Here
|ψ(0)〉 =
∑s0
m=−s0
am|m〉 is the initial state of the probe spin, with normal-
ization condition
∑s0
m=−s0
|am|
2 = 1, which is determined by the complex
parameters am and is spanned by the basis vectors |m〉. The basis vectors
are the eigenstates of the z-components of spin operator with value m. We
use the system of units where the Plank constant h¯ = 1. To obtain eq. (5) we
use the fact that Hb, Hp and Hi mutually commute which allows us to get rid
of exp (−iHbt) part of the evolution operator. The evolution of the system
due to the interaction between the probe and bath spins can be expressed as
follows
e−iHiρ(0)eiHi =
s0∑
m,k=−s0
ama
∗
ke
−iλ(m−k)t
∑
i s
z
i
e−βHb
Z (β, h)
|m〉〈k|.
So, using the above results the evolution of system (4) takes the form
ρ(t) =
s0∑
m,k=−s0
ama
∗
ke
ih0(m−k)te−iλ(m−k)t
∑
i s
z
i
e−βHb
Z (β, h)
|m〉〈k|, (6)
We consider the evolution of the probe spin by averaging expression (6)
over the states of the remaining system
ρp(t) =
s0∑
m,k=−s0
ama
∗
ke
ih0(m−k)t
Z (β, h− iλ(m− k)t/β)
Z (β, h)
|m〉〈k|, (7)
where we use the fact that Tr
[
e−iλ(m−k)t
∑
i s
z
i−βHb
]
= Z (β, h− iλ(m− k)t/β).
This expression contains the partition functions of the bath system with a
complex magnetic fields h − iλ(m − k)t/β for different values of m − k.
Each of these functions vanish when the time of evolution t is such that
exp (−βh+ iλ(m− k)t) equals to Lee-Yang zeros. So, we can observe the
Lee-Yang zeros of bath system by exploration of the evolution of probe sys-
tem.
Examining the evolution of the probe spin under the action of the bath we
can observe the Lee-Yang zeros of this bath. For this purpose, we calculate
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the mean value of the operator (s+0 )
m−k as a function of time
〈
(
s+0
)m−k
〉 = Tr
[
ρp(t)
(
s+0
)m−k]
=
Z (β, h+ iλ(m− k)t/β)
Z (β, h)
e−ih0(m−k)t
×
s0−(m−k)∑
l=−s0
ala
∗
l+m−k
m−k∏
q=1
√
s0(s0 + 1)− (l + q − 1)(l + q),
(8)
where s+0 = s
x
0 + is
y
0 is the ladder operator. Using representation (3) and
taking h = h0 = 0 we can rewrite this expression as follows
〈
(
s+0
)m−k
〉 =
eiNsλ(m−k)t
∏2Ns
n=1
(
e−iλ(m−k)t − eiθn
)
∏2Ns
n=1 (1− e
iθn)
×
s0−(m−k)∑
l=−s0
ala
∗
l+m−k
×
m−k∏
q=1
√
s0(s0 + 1)− (l + q − 1)(l + q). (9)
As we can see, for the specific Lee-Yang zero zn the following condition
−λ(m − k)tn = θn is satisfied. The values of tn = −θn/ (λ(m− k)) which
correspond to zeros of expression (9) are related to the Lee-Yang zeros of
partition function of the bath. Also we can see that the greater m − k, the
faster this expression vanishes. Therefore, to detect the zeros of the partition
function of bath it is enough to measure mean value (9) for particular value
of m− k. It is easy to verify that a similar connection (9) exists in the case
of isotropic Heisenberg interaction between the spins of the bath.
Measurement the mean value of (s+0 )
m−k as a function of time allows us
to observe a Lee-Yang zeros. So, if m − k = 1 then to observe the Lee-
Yang zeros the x and y components of magnetization should be measured.
If m − k = 2 then the components of the magnetic susceptibility should
be measured for observation of the Lee-Yang zeros. For larger values of
m − k it is necessary to measure the higher derivatives of magnetization
for this purpose. However, as we mentioned earlier, to observe the Lee-
Yang zeros of the partition function of the bath it is enough to measure the
mean value (9) with particular value of m − k. Therefore, further we will
present our results for m − k = 1
(
〈s+0 〉 = 〈s
x
0〉+ i〈s
y
0〉
)
. The experimental
techniques for measurement of magnetization as a funtion of time is described
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in supplementary materials of paper [13]. Let us study this problem in detail
in the case of different models of the bath.
3 Models of bath and their application
In this section we apply our results to some models. Namely, we examine
the connection between the Lee-Yang zeros of the spins bath with different
structures and observation values of probe spin. Also we suggest the physical
realization of these considerations.
3.1 Triangle spin cluster
s2s1
s0
Figure 1: Triangle spin cluster. The model consists of two spins s1 and s2 (the black
circles) as the bath and spin s0 (the gray circle) as the probe.
First of all, let us study the triangle spin cluster which consists of two
spins s1 and s2 as the bath and one spin s0 as the probe spin (see fig. 1).
The interaction between bath spins is ferromagnetic and is described by Ising
Hamiltonian. Also the interaction between the spin bath and the probe spin
is defined by Ising Hamiltonian. The Hamiltonian of the complete system
has the form
H = −Jsz1s
z
2 + λs
z
0 (s
z
1 + s
z
2) , (10)
The connection between the Lee-Yang zeros of the bath and observable values
of the probe spin is determined by eq. (8) with h = h0 = 0. Here the partition
function of two-spin bath in the external magnetic field h has the following
form
Z (β, h) =
s1∑
m1=−s1
s2∑
m2=s2
eβJm1m2eβh(m1+m2), (11)
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Figure 2: Correspondence between the Lee-Yang zeros of partition function (11) of bath
composed of two spin-5/2 and mean value of the sx
0
operator (8) with h = h0 = 0 of the
probe spin-5/2 as a function of time. The results are presented for different temperatures:
(a) T =∞, (b) T = 32J , (c) T = 8J and (d) T = J .
where s1, s2 are the values of each spin of the bath andm1,m2 their projection
on the z-axis, respectively.
Let us consider the obtained results on a real physical system of man-
ganese ferrite (MnFe2O4) [29, 30, 31]. The manganese ferrite contains two
ions of Fe3+ as a bath spins and one ion of Mn2+ as a probe spin. Each
ion has spin 5/2. The interaction between spins has the exchange nature
and described by isotropic Heisenberg model. The exchange integrals of this
system are calculated in papers [32, 33, 34]. Similarly as in paper [13], the
interaction between spins can be simulated by the Ising model (10). In-
deed, calculating the partition function at high temperatures (or small β)
the Heisenberg model can be approximated by the Ising model. Fig. 2 shows
the Lee-Yang zeros of two-spin bath composed of 5/2 spins and mean value
of sx0 operator of the probe spin-5/2 for different temperatures. Here and
further in the article we take the eigenstate of sx0 with the highest eigenvalue
as an initial state of the probe spin. This state can be easily prepared in the
experiment. Due to the corresponding form of the initial state and the fact
that h = h0 = 0 we obtain that 〈s
y
0〉 vanishes and 〈s
+
0 〉 = 〈s
x
0〉. Therefore,
on fig. 2 and in further cases we have the time dependence of 〈sx0〉 operator.
Also, it is worth noting that the similar structure and properties have the
following ferrites: ZnFe2O4, CoFe2O4, NiFe2O4, where Zn
2+, Co2+, Ni2+ play
the roles of the probe spins, respectively.
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s1
s2
s3
s4
s0
Figure 3: The tetrahedron spin bath si (the black circles) interacts with the probe spin s0
(the gray circle). In this model, all the spins mutually interact. The interaction between
the bath spins is ferromagnetic.
3.2 Ising model with long-range interaction
In this subsection we consider the bath with long-range Ising type interaction.
We assume that the interaction couplings between each pair of spins are the
same and equal Jij = J/N . Then the partition function takes form (2), where
pn = e
βJ
2N
(Ns−n)2
×
1
2pi
∫ 2pi
0
e−iφ(Ns−n)
(
s∑
m1=−s
e−m1
2 βJ
2N cos(m1φ)
)N
dφ.
(12)
Here m1 is the projection of the spin on the z-axis. So, for this case the
mean value of the probe spin ladder operator is described by eq. (8) without
external magnetic field, where partition function (2) has pn defined by eq.
(12). The effective spin system with long-range interaction can be easily
prepared using trapped ions [36, 37, 38] or ultracold atoms [39, 40, 41, 42].
We express the results of this subsection on the five-spin cluster (fig.
3), where the bath composed of four spins s which form tetrahedron and
interact between themselves due to ferromagnetic Ising-type interaction. The
interaction with the probe spin-s0 is also described by the Ising model. Such
a structure has the methane molecule with 13C. The molecule CH4 consists
of four atoms of 1H and one atom of 13C. Each of them has nuclear spin
1/2. The interaction coupling between the proton spins is ferromagnetic
and equals −12.4 Hz, and the interaction coupling of each proton spin with
carbon nucleus spin equals 125 Hz [35]. We describe the interaction between
atom spins in this molecule by the Ising model. In fig. 4 we express our
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0
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0
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0
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Figure 4: The connection between the Lee-Yang zeros of partition function (2) with pn
defined by eq. (12) and mean value of the sx
0
operator of the probe spin-1/2 (8) with
h = h0 = 0 for the four spin-1/2 bath. The results are presented for different temperatures:
(a) T =∞, (b) T = 8J , (c) T = J/2 and (d) T = J/16.
results for this structure, where the spins of protons in hydrogen atoms play
the role of bath and the spin of carbon nucleus is the probe. It is worth
noting that molecules of SiH4, GeH4 and SnH4 have similar structure.
3.3 1D Ising model with nearest-neighbor interaction
s1
s2
s3 s4
s5
s6
s7
s8s9
s10
s0
Figure 5: Ring consisting of ten spins si (the black circles) as the bath and the probe
spin s0 (the gray circle). The interaction between the bath spins is described by the 1D
ferromagnetic Ising model with nearest-neighbor interaction and the interaction of the
probe spin with all the spins of the bath is defined by the Ising model.
Finally, let us consider the bath which consists of N spins described by
the 1D ferromagnetic Ising model with nearest-neighbor interaction J and
which has the form of a ring. The probe spin is placed in the center of this
ring and interacts with each spin of the bath (see fig. 5). Then, in this case
9
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Figure 6: The connection between the Lee-Yang zeros of ten spins 1 Ising ferromagnet
with nearest-neighbor interaction and mean value of the sx
0
operator of the probe spin-1/2
(8) with partition function (13). The results are presented for different temperatures: (a)
T =∞, (b) T = 8J , (c) T = 2J and (d) T = J/4.
the partition function takes the form
Z (β, h) =
s∑
m1,m2,...,mN=−s
eβJ
∑N
i=1 mimi+1+βh
∑N
i=1 mi , (13)
where mi is the projection value of the ith spin on the z-axis.
The effective spin ring with nearest-neighbor interaction can be prepared
on trapped ions [36, 37, 38] or ultracold atoms [39, 40, 41, 42]. In paper [43]
was presented the method for simulation of the ground state of spin ring with
cavity-assisted neutral atoms. Here we consider the example where the bath
consists of ten spins 1 which interact with the probe spin-1/2. The exact
solution of the 1D Ising model for a spin-1 system can be obtained through
the transfer matrix method (see, for example, [44]). The results for different
temperatures are shown in fig. 6.
4 Conclusions
We considered the evolution of the probe spin of an arbitrary value s0 under
the influence of a bath composed by N arbitrary spins. The spin bath is
defined by a general Ising model or isotropic Heisenberg model with ferro-
magnetic interaction and at the initial moment of time is in thermodynamic
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equilibrium. The interaction between the probe spin and each spin of the
bath is defined by the Ising model. We found the relation between the ob-
served values of the probe spin and the partition function of the bath with
complex magnetic field (8). We showed that vanishing of these values corre-
sponds to the Lee-Yang zeros of the bath partition function. Thus, measuring
the mean values of the probe spin as a function of time, such as magneti-
zation or susceptibility, we can detect the Lee-Yang zeros of the bath. This
fact allowed us to obtain the connection between the moments of time when
the mean values of the probe spin vanishes and the Lee-Yang zeros of the
bath.
We examined the connection between the measured values of the probe
spin and the Lee-Yang zeros of the bath for some models. Namely, we con-
sidered the triangle spin cluster, where the bath consists of two spins s, and
the third spin-s0 is a probe. The interaction between the all spins described
by Ising Hamiltonian (10). So, we obtained the correspondence between
the magnetization of probe spin and Lee-Yang zeros of bath in the case of
s = s0 = 5/2 (fig. 2). We proposed to apply these results to the physical sys-
tem of manganese ferrite (MnFe2O4), where the bath and probe spin consists
of two ions of Fe3+ and ion of Mn2+, respectively. Also the obtained results
can be apllied to the following ferrites: ZnFe2O4, CoFe2O4, NiFe2O4, where
the roles of the probe spins play ions of Zn2+, Co2+, Ni2+, respectively. Fi-
nally, we studied the connection between the Lee-Yang zeros of long-range
Ising bath and 1D Ising bath with nearest-neighbor interaction, and mean
values of probe spin, respectively. In the case of long-range Ising model we
considered the implementation of obtained results on the nuclear spins of
tetrahedron molecules such as CH4, SiH4, GeH4 and SnH4 (fig. 4). In the
case of 1D Ising bath the connection between the Lee-Yang zeros and the
magnetization of probe spin was obtained for ten-spin ring bath prepared on
trapped ions or ultracold atoms (fig. 6).
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